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 Most of the study of robots is about the system. Because of that, we 
analyze the motion of the robot by using rigid body motion concepts. 
This study aims to analyze the rotation components of a robotic 
manipulator with four degrees of freedom (4-DoF) by using the 
quaternion method of manual analysis so that the end effector of the 
robotic manipulator under study is obtained. The research is 
theoretical and was conducted through a review and analysis of related 
literature. Based on the literature review, the robotic manipulator is a 
robot with a shape resembling an arm. The robotic manipulator 
consists of bases, links, joins, and an end effector. In terms of physics, 
the kinematics of robot motion can be studied based on the concept of 
rigid body motion. The research shows that the quaternion method can 
be used to determine the end effector of the rotation component of the 
robotic manipulator, and the steps are shorter than analyses by using 
screw and twist theory. Based on this case, the end effector of the 
rotation component depends on the initial state and the total rotation 
angle of each join. 

 
Copyright © 2024 Authors. All rights reserved. 

 

 

  

 

Introduction 

Today, the development of technology is very fast, and everything seems to run so fast. 

Particularly related to the development and utilization of robot technology, both on a small 

and industrial scale [1], [2]. One type of robot that is widely used on an industrial scale is the 

robotic manipulator. The development of robot manipulators is expected to make work easier 

and more efficient [3], [4]. This type of robot consists of rigid arms connected in series. The 

arms are connected through joints that can move in rotation and translation related to the 

ability of the robot to move freely, which is called degree of freedom (DOF) [5]. Many studies 

have been carried out related to the development of robotic manipulator systems [2]–[4], [6]–

[11]. However, most of the studies carried out are related to the system design and sensors 
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used. Based on that, this research is focused on analyzing robot motion in terms of related 

physics concepts. 

Generally, robot motion can be analyzed based on the concept of motion in physics, i.e., the 

concept of rigid body motion. The motion of the system is said to be rigid body motion if the 

distance between points on each body does not change during the motion. This concept is 

becoming the basic concept for analyzing the motion of robot manipulators [5], [12]. This 

research is a theoretical study conducted through a review of related literature. This study 

aims to analyze the rotational components of a robotic manipulator with four degrees of 

freedom (4-DoF) to obtain the end effector of the robot. In this study, the method used to 

analyze the rotation components of the robot manipulator motion is the quaternion method. 

This method is one way to analyze the only rotational component of robot motion. The 

quaternion method is a method that simplifies analysis when it involves rotations in Euclidean 

space (ℝ3), where quaternion is a vector consisting of one scalar element and three vector 

elements that is used not only to analyze the robot motion but also molecular modeling andthe 

other dynamical simulation [9], [13]–[16]. 

 
Quaternion Method 
A vector in ℝ3 can be expressed as a quaternion in the rotation of a rigid body. Quaternions 

can be used to represent the rotational component of the motion of a rigid body. 

Determined that a quaternion is a vector quantity which can be written as follows [5], [13]: 

 

𝑄 =  𝑞0  + 𝑞1𝑖̂  + 𝑞2𝑗 ̂ +  𝑞3�̂� (1) 

where 𝑞0 is the scalar component of Q and  𝒒 = (𝑞1, 𝑞2, 𝑞2) are the vector components. 

It is assumed that the rotation of a rigid body is in a plane perpendicular to a rotating axis, 

so it can be stated that. 

𝑐𝑜𝑠2
𝛼

2
= 𝑞0

2 

𝑠𝑖𝑛2
𝛼

2
= ‖𝒒𝑛

2‖ 

 

where n = 1,2,3 and 𝛼 = [0, 𝜋] .  Moreover, a quaternion that can describe the rotational 

component of the motion of a rigid body can be written as: 

 

𝑞 = cos
𝛼

2
+ �̂� sin

𝛼

2
 (2) 

where �̂� is an operator written 𝜔 ×, and 𝜔 ∈ ℝ3 be a unit vector that describes the direction 

of rotation. 

If there are two vectors 𝒗,𝒘 ∈  ℝ3 that is related to a transformation matrix, then fulfilled. 

 

𝒘 = 𝑞𝐯𝑞∗ = (𝑞0 + 𝒒𝑛)(0 + 𝐯)(𝑞0 + 𝒒𝑛)   

  =(2𝑞0
2 − 1)𝐯 + 2(𝒒𝑛 ∙ 𝐯)𝒒𝑛 + 2𝑞0(𝒒𝑛 × 𝐯)  (3)  

or in matrix form it can be written as. 
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[

𝑤1

𝑤2

𝑤3

] = [

2𝑞0
2 − 1 + 2𝑞1

2 2𝑞1𝑞2 − 2𝑞0𝑞3 2𝑞1𝑞3 + 2𝑞0𝑞2

2𝑞1𝑞2 + 2𝑞0𝑞3 2𝑞0
2 − 1 + 2𝑞2

2 2𝑞2𝑞3 − 2𝑞0𝑞1

2𝑞1𝑞3 − 2𝑞0𝑞2 2𝑞2𝑞3 + 2𝑞0𝑞1 2𝑞0
2 − 1 + 2𝑞3

2

] [

𝑣1

𝑣2

𝑣2

]  

(4) 

 

Kinematics of Robotic Manipulator with 4-DoF  

The modeling of robotic manipulator with 4-DoF studied is illustrated as in Figure 1. 

 
Figure 1. Modeling of Robotic Manipulator with 4-DoF [17] 

 

The characteristics of robotic manipulator being analyzed is the robot has 4 degrees of 
freedom. As in Figure1., the robotic manipulator has 3 rotational motion capabilities i.e., 
𝜃1, 𝜃2, 𝜃3 (which are limited to rotation only about the z-axis) in each joint so that it is called a 
revolute joint. Also, it has 1 translational movement i.e., 𝜃4 in the last joint is called a prismatic 
joint (𝜃4 has length units). 

 
Rotation component of robotic manipulator motion in 4-DoF by quaternion method  

Based on Figure 1. and (4), the quaternion that describes the rotation motion of the robot can 

be written as follows, 

𝑞 = 𝑞0 + 𝒒𝑛 =  𝑞0 + 𝑞𝑖𝑖̂ + 𝑞2𝑗̂ +  𝑞3�̂� 

𝑞 = cos
𝛼

2
+ �̂� sin

𝛼

2
= cos

𝛼

2
+ (0,0,1) sin

𝛼

2
 

𝑞 = cos
𝛼

2
+ 0𝑖̂ + 0𝑗̂ + sin

𝛼

2
�̂� (5) 

where (𝜃1 + 𝜃2 + 𝜃3) = 𝛼 and �̂� = (0,0,1) (which describes the rotation about z-axis). So, to 

determine the end effector of the rotation component of that robotic manipulator are, 

[

𝑤𝑥

𝑤𝑦

𝑤𝑧

] = [

2𝑞0
2 − 1 + 2𝑞1

2 2𝑞1𝑞2 − 2𝑞0𝑞3 2𝑞1𝑞3 + 2𝑞0𝑞2

2𝑞1𝑞2 + 2𝑞0𝑞3 2𝑞0
2 − 1 + 2𝑞2

2 2𝑞2𝑞3 − 2𝑞0𝑞1

2𝑞1𝑞3 − 2𝑞0𝑞2 2𝑞2𝑞3 + 2𝑞0𝑞1 2𝑞0
2 − 1 + 2𝑞3

2

] [

𝑣𝑥

𝑣𝑦

𝑣𝑧

]  

 



   P-ISSN: 2615-1278, E-ISSN: 2614-7904 

122 
 

 

=

[
 
 
 
 
 2 . cos2

𝛼

2
− 1 + 2. 02 2.0.0 − 2. cos

𝛼

2
. sin

𝛼

2
2.0. sin

𝛼

2
+ 2. cos

𝛼

2
. 0

2.0.0 + 2. cos
𝛼

2
. sin

𝛼

2
2. cos2

𝛼

2
− 1 + 2. 02 2.0. sin

𝛼

2
− 2. cos

𝛼

2
. 0

2.0. sin
𝛼

2
− 2. cos

𝛼

2
. 0 2.0. sin

𝛼

2
+ 2. cos

𝛼

2
. 0 2. cos2

𝛼

2
− 1 + 2. sin2

𝛼

2]
 
 
 
 
 

[

𝑣𝑥

𝑣𝑦

𝑣𝑧

] 

 

 

=

[
 
 
 
 2 . cos2 𝛼

2
− 1 −2. cos

𝛼

2
. sin

𝛼

2
0

2. cos
𝛼

2
. sin

𝛼

2
2. cos2 𝛼

2
0

0 0 2 (cos2 𝛼

2
+ sin2 𝛼

2
) − 1]

 
 
 
 

[

𝑣𝑥

𝑣𝑦

𝑣𝑧

]  

(6) 
 

 
Case application 

Based on Figure 1., if it is determined that the length of the robot arm for each joint is as 

follows: 𝑙1 and 𝑙2 = 10 cm, 𝑙0 = 5cm, dan 𝜃1, 𝜃2, 𝜃3 = 30° (which are rotated about the z-axis), 

and also 𝜃4 = 5 cm. Then the following is the end effector value of the rotation component of 

the robot manipulator is 

[

𝑤𝑥

𝑤𝑦

𝑤𝑧

] 

=

[
 
 
 
 (2 . cos2 90

2
− 1) . 1 + (−2. cos

90

2
. sin

90

2
) . 0

(2. cos
90

2
. sin

90

2
) . 1 + (2. cos2 90

2
) . 0

(2 (cos2 90

2
+ sin2 90

2
) − 1) . 0 ]

 
 
 
 

  

 

 
= [

(2(0,5) − 1). 1 + (−2. (0,707). (0,707)). 0
(2. (0,707). (0,707)). 1 + (2. (0,5)). 0

(2((0,5) + (0,5)) − 1). 0

]  

 

 
=[

0
1
0
] 

(7) 

where 𝛼 = 𝜃1 + 𝜃2 + 𝜃3 =  30° + 30° + 30° = 90°  and chosen that (𝑣𝑥 , 𝑣𝑦 , 𝑣𝑧) = (1,0,0), is 

shows that the initial position of the robot is in (1,0,0), respectively in 3D Cartesian coordinate, 

after the rotation 𝜃1, 𝜃2, 𝜃3,  based on (7), the rotation component of end effector in this case is 

(0,1,0). Metode quaternion that used in this analyze is to find the rotation component of end 

effector, in this case, depend on the 𝜃1, 𝜃2, 𝜃3, and the initial position (𝑣𝑥, 𝑣𝑦, 𝑣𝑧),  but the 

translation component is not analyze. Next, we analyze some cases for variation (𝑣𝑥 , 𝑣𝑦, 𝑣𝑧) 

and 𝜃1, 𝜃2, 𝜃3 based on Tabel 1 and Tabel 2. 

Table 1. End effector of 4-DoF Manipulator in variation of initial position 

No Variation of 

(𝒗𝒙, 𝒗𝒚, 𝒗𝒛)  

Rotational 
component of end 

effector 

1 1,0,0 0,1,0 

2 1,1,0 -1,2,0 
3 1,0,1 0,1,1 
4 1,0,2 0,1,2 
5 1,2,0 -2,3,0 
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Table 2. End effector of 4-DoF Manipulator in variation of rotational angel (in 𝛼 = 90°) 

No Rotational angel 

(𝜽𝟏, 𝜽𝟐, 𝜽𝟑)  

Rotational 
component of end 

effector 

1 100, 200, 600 0,1,0 

2 150, 300, 450 0,1,0 

3 200, 400, 300 0,1,0 

4 250, 500, 150 0,1,0 

5 300, 600, 00 0,1,0 

 

Based on Tabel 2, we found that for the case with the same amount of rotational angel for 

each join (𝛼 = 𝜃1 + 𝜃2 + 𝜃3), the rotational component of the end effector is same. 

 
Conclusion 
To conclude, it is found that the quaternion method can be used to determine the end effector 

of the rotational component of a robotic manipulator. Based on the case studied, the end 

effector of the rotation component depends on the initial state and the total rotation angle of 

each joint. 
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